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716. 


AN ILLUSTRATION OF THE THEORY OF THE 9-FUNCTIONS. 


[From the Messenger of Mathematics, vol. vu. (1878), pp. 27—82.] 


Ir X be a given quartic function of æ, and if u, or for convenience a constant 
multiple au, be the value of the integral | AD taken from a given inferior limit to 


the superior limit æ; then, conversely, æ is expressible as a function of u, viz. it is 
expressible in terms of -functions of u, where Su, or say S(u, §) (§ a parameter 
upon which the function depends), is given by definition as the sum of a series of 
dæ 

V(X)’ 
definition of Sw, to obtain by general theory the actual formule for the determination 
of æ as such a function of u. 


exponentials of w; and it is possible from the assumed equation au = | and the 


I propose here to obtain these formule, in the case where X is a product of 
real factors, in a less scientific manner, by connecting the function Sw (as given by 


such definition) with Jacobs function ©, and by reducing the integral | iD by a 


linear substitution to the form of an elliptic integral; the object being merely to 
obtain for the case in question the actual formule for the expression of æ in terms 
of -functions of u. 


The definition of Sw or, when the parameter is expressed, S$ (u, §) is 
Su =z (F eS tiu, 


where s has all positive or negative integer values, zero included, from — œ to +0 
(that is, from —S to +8, S=oo); the parameter §, or (if imaginary) its real part, 
must be positive. 

GOTXI: : 6 
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Evidently Sw is an even function: (— u)=%9u. Moreover, it is at once seen that 
we have 


S (u + T)= 9u, ¥ (ut iğ) = — eiu Yu, 
whence also 
; S (u+ mr + nis), 


where m and n are any positive or negative integers, is the product of Sw by an 
exponential factor, or say simply that it is a multiple of Sw. 


Writing u=—47§, we have S$ (— 478) = 9 (428), that is, 
3 ($78) =0, 


and therefore also 


{mr + (n+ 4)iğ} = 0. 


The above properties are general, but if § be real, then k, K, K’, q being as in 
Jacobi (consequently & being real, positive, and less than 1, and K and K’ real and 


positive), and assuming => or, what is the same thing, 


7E 
q (=e Een CoB, 


> OF, 


the function S is given in terms of Jacobis © by the equation Su=0 (=) 


what is the same thing, Ou=% (Fz) ; 
/ 


We hence at once obtain expressions of the elliptic functions snu, cnu, dnu in 
terms of X, viz. these are 


Las Be sacs (zxz ; "i (Fx) 

weet e S zg + 38) -9 aK)? 

ona ts J () ¢ ey (3K +3r+ ið) +9 (Fz) 
, TU ; TU 


Consider now the integral 


= -f ie. suppose 
av {(—)@—a.a—b.a@—c.%—d}’ TY 1X) ppose, 


where a, b, c, d are taken to be real, and in the order of increasing magnitude, viz. 
it is assumed that b—a, c—a, d—a, c—b, d—b, d—c are all positive; x considered 
as the variable under the integral sign is always real; when it is between @ and b 
or between c and d, X is positive, and we assume that /(X) denotes the positive 
value of the radical; but if æ is between b and c, X is negative, and we assume 
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that the sign of /(X) is taken so that aH is equal to a positive multiple of 2, 


and this being so the integral is taken from the inferior limit æ to the superior 


limit æ, which is real. 
Take œ a linear function of y, such that for 
æ=å4, b, c, d, 


y=0, 1, : œ , respectively, 


so that, æ increasing continuously from a to d, y will increase continuously from 0 to o. 


We have 


b-—a.d—c 
eaten e 
PE il ile 
bag eee 
d-—az—b 
Tea ea 
d—ax—c 
RAMS 


and, thence, 


y(y.l—y. 1- ky) =% VE : ye 
where ve (=) is taken to be positive, and the sign of y(X) is fixed as above. Then 
for y between 0 and 1 or a y.1—y.1—k’y will be positive, and /(y.l1—y.1—Ky) 
will also be positive; but y being between 1 and y.i UE R will be negative, 


and the sign of the radical is such that OEE is a positive multiple of 2. 


We have moreover 
dy = aa “(d= ) vay 
and therefore 


OY es in a 


ene Se L yet 
(y. 1—y.1-— ky) W(X)’ 


where /(d —b.c—a) is positive; or, say, 


dy A i 
lei- aip o| E 
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Hence, writing y=2*=sn?u, we have 


dx 
au=y(d—b.e-a)| Te, 
and it is to be further noticed that to 
w=a; be, 4; 
correspond 
maes o0 h 00, 


or we may say 


: u=0, K, KiK, 2K FE. 
Writing for shortness 


NE 
V(id—b.c—a) ” 
we have 
ae Í de 
a V(X)’ 
and moreover 
bò dæ 
V(X)’ 
{ è dz 
K +iK' | = 
aS Oe) a 
2K + 4K’ [a 
aXe UPD eee 
or if for a moment we write 
Ae &e 
o W(X) u 
then these equations are 
ak =B- 4A, 


a(K+ik’)=C-—A, 
a(2K +iK’)=D-—A. 


Hence B+C—2A =D-A, that is, A—B-—C+D=0, or B-A = D-O, that is, 


le VX) ae )’ 


where observe as before that c=a to =), or «=c to w=d, X is positive, and the 
radical ./(X) is taken to be positive. 


We have also 
bò dæ 
aK =B-A=| ee 
W(X) 


ak =O B= -f| xy 


www.rcin.org.pl 


716] AN ILLUSTRATION OF THE THEORY OF THE $-FUNCTIONS. 45 


where, as before, from b to c, X is negative, and the sign of the radical is such that 
ax) is a positive multiple of 7; the last formula may be more conveniently written 
a 
aa E, 
Jy (= X) 
where, from b to c, — X is positive, and /(—X) is also taken to be positive. 


Collecting the results, we have 


| se EAN 2 pol ra.d-e 
av) ? V(d—b.c— a)’ d—b.c—a’ 
and also 
ae: c—b 
d—b.c—a’ 


and then conversely 


a(d—b)+d(b—a)sn?u. 


= ~(d—b)+(b—a)sn?u ’ 
or, what is the same thing, 
Pid ee eee 
~ b-a.a2—a’ 
cnu = 2272-2-0 
b—a.sz- d’ 
dn? ya tS. 


c—a.2—-d’ 


where, in place of the elliptic functions we are to substitute their $-values; it will 
be recollected that %, the parameter of the S-functions, has the value 


vri “hen? eet 


“= la 
V(X)" 
Hence, finally, a, k, k’, K, § denoting given functions of a, b, c, d, if as above 


and, as before, 


l ELN = au 
TTE S N 


we have conversely 


b—-d.x—-a_ 1 -454e [TU i TU 
fee ee Ao dp- 
d—-a.a—-b_ k -354 i ge TU 
Vanesa b* » (5; tin + hb) +9 IR’ 
d—a.æ—c _ / a TU 
Ee, A k = Gaz + oR? 


which are the formule in question. 
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The problem is to obtain them (and that in the more general case where a, b, c, d 
have any given imaginary values) directly from the assumed equation 


hs a 
aV(X) 
and from the foregoing definition of the function $. 
It may be recalled that the function Sw is a doubly infinite product 
Su = TI u — Tos j 
mr + (nt 4) 
m and n positive or negative integers from —o to +0; I purposely omit all further 


explanations as to limits; or, what is the same thing, 


TU ù 
E fı “mEn yr: 
and consequently that, disregarding constant and exponential factors, the foregoing 
expressions of 
b-d.&x—a d—a.x—b d—a.«#-c¢ 
b-—a.«—d’ b—-a.«-d’ c—a.«#-d’ 


are the squares of the expressions = sl 5i where X, Y, Z, W are respectively of 


the form 
u u 
wlIII fı + Gan) J) EE fi +h. 
u u 
cit + aw ay mm F (m, a 
where (m, n)=2mK + 2nik’, and the stroke over the m or the n denotes that the 
2m or the 2n (as the case may be) is to be changed into 2m+1 or 2n+1. But 


this is a transformation which has apparently no application to the -functions of 
more than one variable. 
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